Abstract. In this note we give an alternative proof of a theorem due to Bourgain [2] concerning the growth of the constant in the Littlewood-Paley inequality on T as p Ñ 1`. Our argument is based on the endpoint mapping properties of Marcinkiewicz multiplier operators, obtained by Tao and Wright in [10] , and on Tao's converse extrapolation theorem [9] . Our method also establishes the growth of the constant in the Littlewood-Paley inequality on T n as p Ñ 1`. Furthermore, we obtain sharp weak-type inequalities for the Littlewood-Paley square function on T n , but when n ě 2 the weak-type endpoint estimate on the product Hardy space over the n-torus fails, contrary to what happens when n " 1.
Introduction
If f is a trigonometric polynomial on the torus T, then the Littlewood-Paley square function Spf q of f is given by , where for k P N one defines ∆ k pf qpxq " and ∆ 0 pf qpxq " p f p0q for x P T. The square function S can be extended as a bounded operator on L p pTq for all 1 ă p ă 8, namely for each 1 ă p ă 8 there is a constant Cppq so that }Spf q} L p pTq ď Cppq}f } L p pTq .
(1.1)
In [2, Theorem 1], Bourgain determined the behaviour of Cppq in (1.1) as p Ñ 1`. In particular, he showed that there exist absolute constants c 1 , c 2 ą 0 such that
for every 1 ă p ď 2.
In section 3 we give a simple proof of the upper estimate in (1.2) based on results of Tao and Wright [10] and Tao [9] . More precisely, using the observation that Marcinkiewicz multipliers locally map L log 1{2 L to L 1,8 [10, Theorem 1.2], together with interpolation and Tao's converse extrapolation [9] , one deduces that } ř kPZ˘∆ k } L p pTqÑL p pTq À pp´1q´3 {2 , which is essentially the upper estimate in (1.2). Furthermore, we extend (1.2) to higher dimensions. Indeed, by using } ř kPZ˘∆ k } L p pTqÑL p pTq À pp´1q´3 {2 and iteration, we obtain higher-dimensional extensions of (1.2) in section 4. In section 5 we prove sharp weak-type inequalities for the multi-parameter Littlewood-Paley square function on T n and in section 6 we establish the corresponding weak-type endpoint results on R n . It is well-known that the Littlewood-Paley square function maps H 1 pTq to L 1,8 pTq. Motivated by this fact, a natural question is whether the two-parameter Littlewood-Paley square function maps the product real Hardy space H 1 pTˆTq to L 1,8 pT 2 q. In section 7 we show that this is not the case.
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2. Notation 2.1. Notation and useful facts. If X and Y are positive quantities, the notation X À Y (or Y Á X) means that there is a positive constant C ą 0 such that X ď CY . If X À Y and Y À X, we write X " Y .
Let pX, µq be a measure space and r ą 0. We set }f } L log r LpXq "
where f˚ptq " inf λ ą 0 : µptx P X : |f pxq| ą λuq ď t ( is the decreasing rearrangement of f defined on r0, 8q. If µpXq ă 8, then ş X |f pxq| log r p1`|f pxq|qdµpxq À 1`}f } L log r LpXq and }f } L log r LpXq À 1`ş X |f pxq| log r p1`|f pxq|qdµpxq. See, e.g., [1] .
In the present note, we identify functions on T with functions on r0, 1q. If K n denotes the Fejér kernel on T of order n, then V n " 2K 2n`1´Kn is the de la Vallée Poussin kernel of order n. Since }K n } L 1 pTq " 1 and }K n } L 8 pTq À n for every n P N, we deduce that ş T |V n pxq| log r p1`|V n pxq|qdx À log r n for r ą 0. Moreover, one has x V n pjq " 1 for all |j| ď n`1 and it thus follows that
Let pX, µq be a given measure space. One has (see page 485 in [6] )
2.2. Hardy spaces. We define the real Hardy space H 1 pRq to be the space of all integrable functions whose Hilbert transforms are also integrable. The product real Hardy space H 1 pRˆRq is the set of all functions f P L 1 pR 2 q such that H 1 pf q, H 2 pf q, H 1 b H 2 pf q P L 1 pR 2 q, where H i denotes the Hilbert transform with respect to the i-th variable.
Let R " IˆJ be a dyadic rectangle in R 2 . Following [4] , we say that a function a R is a rectangle atom associated to R, if a R is supported in R, }a R } L 2 pR 2 q ď |R|´1 {2 , ş I a R px 1 , yqdx 1 " 0 for every y P J and ş J a R px, y 1 qdy 1 " 0 for every x P I. We define H 1 rect pRˆRq to be the space spanned by the class of all rectangle atoms, namely
a R is a rectangle atom and [3] shows that H 1 rect pRˆRq is a proper subspace of H 1 pRˆRq. Similarly, by using the periodic Hilbert transform, one defines the real Hardy space H 1 pTq and the product real Hardy space H 1 pTˆTq. One defines rectangle atoms a R associated to dyadic rectangles R Ă T 2 as in the euclidean case. In the periodic setting, one also needs to consider constant functions on T 2 and "essentially one-dimensional atoms", that is functions defined on T 2 that are constant in one variable apx, yq " a I pxq (or apx, yq " a I pyq), a I is supported in a dyadic interval I Ă T, has mean zero and }a I } L 2 pTq ď |I|´1 {2 . We define H 1 rect pTˆTq to be the space spanned by rectangle atoms associated to dyadic rectangles in T 2 , constant functions on T 2 and "essentially one-dimensional atoms" on T 2 . Furthermore, H 1 rect pTˆTq is a proper subspace of H 1 pTˆTq. For more details on Hardy spaces, see the survey articles [4] and [5] . In [10] , Tao and Wright proved that if T m is a Marcinkiewicz multiplier operator acting on functions defined over R (namely the corresponding symbol m of T m is a bounded function on R and m is of uniform bounded variation over intervals of the form˘r2
In particular, for every compact set K Ă R there is a constant C ą 0, depending on K and }m} L 8 pRq`s up kPZ ş˘r
for all measurable functions f supported in K.
By adapting the proof of Tao and Wright for functions defined on the torus, one can show that for every ω P r0, 1s the prototypical Marcinkiewicz multiplier operator
where pr k q kPZ denotes the set of Rademacher functions indexed by Z. In particular, one has
where C ą 0 is an absolute constant independent of ω. Using (3.2) and the fact that T ω is bounded on L 2 pTq with operator norm equal to 1, one can easily show, by using Marcinkiewicz-type interpolation, that T ω is bounded from L log 3{2 LpTq to L 1 pTq. In particular, we obtain
where the implied constant is independent of ω. By Tao's converse extrapolation theorem [9] , it follows that
where A ą 0 is a positive constant independent of ω. To complete the proof of the upper estimate in (1.2), we use (3.3) and Khintchine's inequality. More precisely, let p ą 1 be close to 1 and let f be a trigonometric polynomial. Then, by Khintchine's inequality, we have for every
|T ω pf qpxq|dω,
where the implied constant is independent of x P T and f . Therefore, by integrating over T and using Minkowski's inequality, we get
|T ω pf qpxq|dωˇˇpdx¯1
which is the upper estimate in (1.2).
Higher dimensional extension of (1.2)
For n P N, let S n denote the n-parameter Littlewood-Paley square function on T n initially defined over trigonometric polynomials on T n by S n pf qpxq "´ÿ k1,¨¨¨,knPZ
, where ∆ k1,¨¨¨,kn " ∆ k1 b¨¨¨b ∆ kn . The corresponding n-parameter LittlewoodPaley inequality is
Our goal in this section is to show that C p pnq " pp´1q´3 n{2 . As it is mentioned in the introduction, this can be done quite easily by iteration thanks to the fact that }T ω } L p pTqÑL p pTq À pp´1q´3 {2 .
Proposition 1.
There exist positive constants c 1 pnq, c 2 pnq, depending only on the dimension n, such that
where C p pnq is the constant in p4.1q.
Proof. To obtain the upper estimate in (4.2), let ω 1 ,¨¨¨, ω n be arbitrary numbers in r0, 1s. Then, by using (3.3) and iteration, we deduce that
As in the one-dimensional case, by using multi-dimensional Khintchine's inequality (see, e.g., Appendix D in [8] ) and Minkowski's inequality, we obtain
where c 2 pnq is a constant that depends only on n P N.
To prove the lower estimate, we use the corresponding argument of Bourgain that shows the lower estimate in (1.2). As in [2] , given p ą 1, take N P N to be such that log N " pp´1q´1 and set f " V N . Since }SpV N q} L p pTq Á pp´1q´3 {2 , we have
It is worth noting that by adapting the method presented in section 3 one can give an alternative proof to the upper estimate in (4.2). In particular, one can first study the endpoint mapping properties of n-dimensional Marcinkiewicz multiplier operators of the form T ω1 b¨¨¨b T ωn and then, one can use converse extrapolation to deduce the growth of C p pnq as p Ñ 1`(see also remark 5). The advantage of this indirect approach is that it motivates the study of sharp weak-type inequalities for S n , which can be regarded as a rudimentary prototype of general Marcinkiewicz multipliers in higher dimensions. This is a problem interesting in its own right. over all trigonometric polynomials f on T, where C ą 0 is some absolute constant. We shall prove that necessarily r ě 1{2. For this, note that by using the above inequality and the fact that S is bounded on L 2 pTq, we deduce, by interpolation, that }Spf q} L 1 pTq À }f } L log r`1 LpTq for all trigonometric polynomials f on T. However, if we take f " V 2 N , then we have }f } L log r LpTq À 1`ş T |f | log r`1 p1`|f |q À N r`1 and, moreover, by Minkowski's inequality,
We thus get N 3{2 À N r`1 and hence, by letting N Ñ 8, it follows that the best we can expect is r ě 1{2.
Proposition 2. The Littlewood-Paley square function S satisfies the weak-type inequality }Spf q}
for all trigonometric polynomials f on T, where C ą 0 is an absolute constant.
Proof. This follows immediately from the work of Tao and Wright [10, Theorem 1.2]. In particular, (5.1) can be regarded as a vector-valued version of (3.2). More precisely, to prove (5.1), let f be a fixed trigonometric polynomial on T. Note that for every measurable subset E of T with |E| ą 0, by Khintchine's inequality and Fubini's theorem, there is a choice of ω 1 P r0, 1s, depending on f and E, such that }T ω 1 pf q} L 1{2 pEq Á }Spf q} L 1{2 pEq . Hence, (5.1) follows from (2.1) and (3.2).
5.2. The higher-dimensional case. In this paragraph we extend (5.1) to higher dimensions, namely we obtain weak-type estimates for the n-parameter LittlewoodPaley square function S n . To do this, as in the one-dimensional case, we reduce the problem to the study of the corresponding mapping properties of certain randomised analogues of S n , namely we study first the mapping properties of Marcinkiewicz multiplier operators of the form T ω1 b¨¨¨bT ωn on T n , where ω i P r0, 1s. To this aim, notice that whenever T is a linear operator acting on functions defined over some measure space pX, µq with µpXq " 1, that is bounded on L 2 pXq and bounded from L log 1{2 LpXq to L 1,8 pXq, then it is bounded from L log r`3{2 LpXq to L log r LpXq for every r ě 1{2. In particular, one has ż X |T pf qpxq| log r p1`|T pf qpxq|qdµpxq À 1`ż X |f pxq| log r`3 2 p1`|f pxq|qdµpxq.
(5.2) Using (5.2) and induction, one can easily establish sharp weak-type estimates for Marcinkiewicz multiplier operators of the form T ω1 b¨¨¨b T ωn on T n , ω i P r0, 1s.
Lemma 3. Let n P N be a given dimension. For ω 1 ,¨¨¨, ω n P r0, 1s consider the n-dimensional Marcinkiewicz multiplier operator T ω1 b¨¨¨b T ωn , where T ωi is as in section 3.
Then the operator T ω1 b¨¨¨b T ωn maps L log an LpT n q to L 1,8 pT n q, where a n " 1{2`3pn´1q{2, and in particular,
Proof. We proceed by induction on n P N. The case n " 1 corresponds to (3.2). Assume now that for some integer n ą 1 the desired inequality (5.3) holds. To obtain the pn`1q-dimensional case, fix an arbitrary α ą 0 and some f in L log an`1 LpT n`1 q. Then, by using Fubini's theorem, we may write | px 1 ,¨¨¨, x n`1 q P T n`1 : |T ω1 b¨¨¨b T ωn`1 pf qpx 1 ,¨¨¨, x n`1 q| ą α ( | " ż T | px 1 ,¨¨¨x n q P T n : |T ω1 b¨¨¨b T ωn pT ωn`1 pf qqpx 1 ,¨¨¨, x n`1 q| ą α ( |dx n`1 .
Hence, by our inductive hypothesis and Fubini's theorem,
and so, by (5.2) and Fubini's theorem,
|f px 1 ,¨¨¨, x n`1 q| log an`3{2 p1`|f px 1 ,¨¨¨, x n`1 q|qdx 1¨¨¨d x n`1 .
Since a n`1 " a n`3 {2, the proof of the lemma is complete.
Now, an adaptation of the argument used in the one-dimensional case gives the main result of this paragraph.
Proposition 4. For any given n P N, there is a constant C n ą 0 such that the n-parameter Littlewood-Paley square function satisfies the weak-type inequality
for all trigonometric polynomials f on T n , where a n " 1{2`3pn´1q{2. Moreover, the exponent a n in p5.4q is sharp.
Proof. As in the one-dimensional case, we use Khintchine's inequality and (2.1) to show that there exists a choice of ω
Hence, by using (5.3), we deduce that S n satisfies the desired weak-type inequality (5.4).
To prove that the exponent a n in (5.4) cannot be improved, assume that the inequality holds for some r ě 0. Since S n is bounded on L 2 pT n q, it follows by interpolation that S n satisfies }S n pf q} L 1 pT n q À 1`ż T n |f px 1 ,¨¨¨, x n q| log r`1 p1`|f px 1 ,¨¨¨, x n q|qdx 1¨¨¨d x n .
If we take f to be
Hence, by letting N Ñ 8, we see that we must have r ě´1`3n{2 " a n .
Remark 5.
As it is mentioned in section 4, by using Lemma 3, interpolation, and converse extrapolation (as in the one-dimensional case), one can give an alternative proof of Proposition 1.
Endpoint mapping properties of the multi-parameter rough
Littlewood-Paley square function in the euclidean case
If f is a Schwartz function on R, we define its rough Littlewood-Paley square function S R pf q by
, where pP k f q p pξq " χ r2 k ,2 k`1 q pξq p f pξq`χ p´2 k`1 ,´2 k s pξq p f pξq is the rough LittlewoodPaley projection at frequencies |ξ| " 2 k , k P Z. For n P N, the n-parameter rough Littlewood-Paley square function is given by S R n pf qpxq "´ÿ k1,¨¨¨,knPZ
for f initially belonging to the class of Schwartz functions on R n . In the following proposition we show that the n-parameter rough LittlewoodPaley square function on R n satisfies weak-type inequalities analogous to the ones obtained in the previous section, if we restrict ourselves to compacts subsets of R n .
Proposition 6. For any given n P N and each compact set K in R n , there is a constant C K,n ą 0 such that the n-parameter Littlewood-Paley square function satisfies the weak-type inequality
for each measurable function f supported in K, where a n " 1{2`3pn´1q{2. Moreover, the exponent a n in p6.1q is sharp.
Proof. The argument that establishes (6.1) is similar to the one given in the previous section, where one uses (3.1) instead of (3.2). It remains to prove sharpness. Consider the one-dimensional case first. For this, assume that for some r ě 0 one has
|f | log r p1`|f |q for every measurable function f supported in r´1, 1s. By interpolation, we deduce that
|f | log r`1 p1`|f |q (6.2)
for all measurable functions f with supppf q Ă r´1, 1s. To show that r ě a 1 " 1{2, let N be a large positive integer to be chosen later and let φ be a fixed Schwartz function such that supppφq Ă r´2, 2s and φ| r´1,1s " 1.
N , where the implied constants depend only on φ and not on N . Hence, ż r´1,1s
Using Minkowski's inequality and the fact that p g| r´2 N ,2 N s " 1 we get
Define f " gχ r´1,1s and e " g´f . One can easily check that, by the construction of g, the "error" satisfies }e} L 2 pRq À 1. Moreover, f is supported in r´1, 1s and
Since |f | ď |g|, (6.3) implies that ż r´1,1s
|f | log r`1 p1`|f |q À N r`1 . (6.5)
Combining (6.2), (6.4) and (6.5), we get N 3{2 À N r`1 . Letting N Ñ 8, it follows that r ě a 1 " 1{2, as desired.
To prove sharpness in the n-dimensional case, assume that (6.1) holds for some r ě 0 and for f being as above, take h " f b¨¨¨b f . Then h is supported in r´1, 1s n , ş r´1,1s n |h| log r`1 p1`|h|q À N r`1 and
Therefore, we must have r ě a n " 1{2`3pn´1q{2.
Negative results
It is well-known that S R maps H 1 pRq to L 1,8 pRq. Indeed, one may write
where f k " Ă P k pf q and Ă P k denotes the multiplier operator whose corresponding symbol is ηp2´k¨q, where η is an even Schwartz function supported in˘r1{4, 4s with η| r1,2s " 1. By [6, Corollary 2.13 on p. 488], one hašˇ
for every α ą 0. Hence, the estimate }S R pf q} L 1,8 pRq À }f } H 1 pRq follows from (7.1) and the fact that the right-hand side of (7.2) is majorised by A}f } H 1 pRq , where A ą 0 is a constant that depends only on the choice of η, see [7] . Similarly, the Littlewood-Paley square function By adapting the proof of the previous proposition we obtain a corresponding negative result in the periodic setting. Proof. Let N ě 9 be an integer to be chosen later. For x P r0, 1q we decompose the kernel of ∆ N as N´1q ď x ă 1. Using the series expansion of e i2πx and the fact that sinp2πxq ě 4x for every 0 ď x ď 2´2, one obtains |β N pxq| ď πe π{2 for all 0 ď x ď 2´2. Since }a N } L 1 pTq " 1, it follows that |β N˚aN pxq| ď πe π{2 for every 2´p
N´1q ď x ď 2´2. Therefore, for each 8¨2´p N´1q ď x ď 2´8 one has |∆ N pa N qpxq| ě |γ N˚aN pxq|´|β N˚aN pxq| ą 11 30πx´π e π{2 ě 11 30πx´1 16x " 1 x .
Since we may regard a N b a N as an atom of H 
